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capital stock3 $k(t)$ (Solow (2.15)) .
, Merton [6] , Solow (2.15) , per-capita capital stock
$\{k(t, w)\}$ SDE $(3,2)$ .






, SDE (3.2) $f$
(i) Inada $(2.12\mathrm{a})+(2.12\mathrm{b})$ ( 37),
(ii) Kamihigashi (4.1) ( 43)
1 , $\overline{\mathrm{T}}192-0393$ 742-1; nishioka@tamacc, $\mathrm{c}\mathrm{h}\mathrm{u}\mathrm{o}_{-}\mathrm{u}.$ ac.jp
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21. (i) , .
(ii) 1 , “ ” “ ” 2
.
(iii) , $‘$. ” $‘$. ” . $\theta$
:
$Y(t)$ : $\#\backslash \doteqdot A\nearrow\#^{-}|\mathrm{J}$ $t$ $\vee\tau^{\mathrm{v}}\sigma$) GDP
$L(t)$ : $\int\doteqdot$} $\Lambda\Psi \mathrm{I}\mathrm{J}$ $t$ $\tau^{\varphi}\emptyset\ovalbox{\tt\small REJECT} 3\Lambda\square$
$f(t)$ : $\beta\backslash \not\equiv x\mathrm{i}\#\rfloor \mathrm{I}$ $t$ $-\mathrm{C}^{\backslash \backslash }\emptyset\ae^{\backslash }\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}=$
$K(t)$ : $\int\backslash \doteqdot A\nearrow\eta\rfloor$ $t$ $T^{\mathrm{r}}\emptyset\ovalbox{\tt\small REJECT}\backslash \pi_{\ovalbox{\tt\small REJECT}}^{=}$
$C(t)$ : \S \\doteqdot $\mathrm{f}_{\Lambda}1\rfloor$ $t$ $-\mathrm{c}.\sigma)^{\backslash }\not\in\backslash \ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
$S(t)$ : $\mathrm{R}\backslash A*|\rfloor$ $t$ $-\tau^{\mathrm{r}}q$) $\Psi\tau\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
, 2.1 , :
22. (i) Keynes 4, i.e.
(2.2) $Y(t)=I(t)$ $C(t)$ .
(ii) , . ,
$F$ :
(2.3) $Y(t)=F(K(t), L(t))$ .
4 Keynes $\sigma$) $q$) ,$|\downarrow l\mathrm{J}$ $\mathrm{k}f\mathrm{f}$ $‘ \mathrm{A}^{1\dot{(}}C(f)$ .$’\prime^{\acute{j}}1$. $Y(t)$ . (2.2) ,
, .
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(iii) , $\lambda>0$ :




(2.6) $L’(t)=nL(t)$ . $\theta$
22, $\langle$2.3) $F$ .
23. $F:\mathrm{R}_{+}^{2}arrow \mathrm{R}_{+}$ $(\mathrm{i})\sim(\ddot{\mathrm{n}}\mathrm{i})$ $.\text{ }$ .
(i) $F$ C2 $F(0, L)=0=F(K, 0)6$ strictly concave, i.e.
(2.7) $\partial_{K}F(K, L),$ $\partial_{L}F(K_{\mathrm{I}}L)>0$ and $\text{ _{}K}^{2}F(K, L),$ $\partial_{L}^{2}F(K, L)<0$ .
(ii) Inada : i.e.
(2.8a) $\lim_{Karrow 0}\partial_{K}F(KL)\}=\infty$ , $\lim_{Larrow 0}\partial_{L}F(K, L)=\infty$ ,
(2.8b) $\lim_{Karrow\infty}\partial_{K}F(K, L)=0$ , $\lim_{Larrow\infty}\partial_{L}F(K, L)=0$ .
(iii) CRS 7 ;
(2.9) $a>0$ $F(aK, aL)=aF(K, L)$ . $\theta$
24(Cobb-Douglus ). $0<\alpha<1$
$F(K, L)\equiv K^{\alpha}L^{1-\alpha}$





$y(t)\equiv Y(t)/L(t)$ : GDP, per-capita GDP
$k(t)\equiv K(t)/L(t)$ : , per-capita capital stock
(2.10)
$\mathrm{i}(t)\equiv I(t)/L(t)$ : , per-capita investment
$–\underline{c(t)\equiv C(t)/L(t)\cdot.\text{ }-\text{ }\vee \mathfrak{h}\vee \text{ ^{}\backslash }\mathrm{f}\mathrm{f}\mathrm{i}_{\sim}’\ovalbox{\tt\small REJECT}_{-\text{ }},}$per-capita consumption
5 $S(t)=sY(t)$ . 21(iii) $S(t)=t(t)$ , (2.2) (2.5) .
6 Inada (2.8b) .
7 Constant Return to Scale; linearly homogenerilty .
$\mathrm{s}$ per-capita measurements
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$F$ CRS (2.9) , $y(t)$ 1 $k(l)$
$f$ .
(2.11) $y(t \rangle\equiv\frac{Y(t)}{L(t)}=\frac{F(K_{\mathrm{t}}’t),L(t))}{L(t)}=F(\frac{K(t)}{L(t)}, 1 )\equiv f(k(t))$
$f(k) \equiv F(k, 1)=F(\frac{K}{L}, 1)$
, $f$ 23 .
2.5. $f$ : $\mathrm{R}_{+}arrow \mathrm{R}_{+}$ C2c , .
(2.12a) $f(0)=0\text{ }\backslash \backslash$ strictly concave,
(2.12b) (Inada ) $\lim_{karrow 0}f’(k\rangle=\infty, \lim_{karrow\infty}f’(k)=0$. $\theta$
(2.12a) (2.7) . CRS (2.9)
$f’(k)= \lim_{\deltaarrow 0}\frac{1}{\delta}(F(\frac{K}{L}+\mathit{5},1)-F(\frac{K}{L}, 1))$
(2.13)
$= \lim_{\delta}\frac{1}{L\delta}(F(K+L\mathit{5}, L)-F(K, L))=\partial_{K}F(K, L)$
, Inada $(2.\mathrm{S}\mathrm{a})+(2.8\mathrm{b})$ (2.12b) .
, per-capita capilal stock $k(t)$ .
(2.14) $k’(t)=( \frac{K(t)}{L(t\rangle})’=\frac{K’(t)}{L(t)}-\frac{K(t)}{L(t)}\cdot\frac{L’(t)}{L(t)}$
, (2.2)\sim (2.5)
$K’(t)=Y(t)-C(t)-\lambda\cdot K(t)=s\cdot Y(t)-\lambda\cdot K(t)=s\cdot F(K(t), L(t))-\lambda\cdot K(t)$
,




(2.15) (Solow Equation) $k’(t)=s\cdot f(k(t))-(\lambda+n)\cdot k(t)$
.
$f$ $(2.12\mathrm{a})+(2.12\mathrm{b})$ ,
(2.16) $s\cdot f(k)=(\lambda+n)\cdot k$ , $k>0$
$k^{*}>0$ .
$k(t)<k^{*}$ $k’(t)>0$ , $k(t)>k^{*}$ $k’(t)<0$
, $k^{*}$ Solow (2.15) . ,
.
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26. (i) Per-capita capitai stock $k(t)$ Solow (2.15) , .
(ii) Sotow (2.15) $>0$ , $\lim_{arrow\infty},k(t)=k^{*}$ .
(iii) Per-capita capital stock $k(t)$ $\rho(t)$
$\rho(t)\equiv\frac{k’(\ell)}{k(t)}=s\cdot\frac{f(k(t))}{k(t)}-(\lambda+n)$
, 1 $-\infty$ $\rho(t)=0$ . $\theta$
3 Solow randomization
Solow (2.15) $k(t)$ $k^{*}$ , ,
per-capita capital stock , . ,
Solow .
$\langle$ Merton Solow , per-capita capital stock $k(t, w)$
.
3I Random Solow
Merton [6] , (2.6) $\langle$ ,
: $\{B(t, w)\}$ 1 Brown , $n,$ $\sigma>0$ ,
(3.1) $dL(t, w)=nL(t, w)dt+\sigma L(t, w)dB(t, w)$ .
Ito
$dk^{\wedge}(t, w)=d( \frac{K(t)}{L(t,w)})=\frac{K’(t)}{L(t,w)}dt-\frac{K(t)}{L^{2}(t,w)}dL(t, w)-\frac{2K(t)}{2L^{3}(t,w)}\cdot\sigma^{2}L^{2}(t, w)dt$




$dk(t, w)=(sf(k(t, w))-(\lambda+n-\sigma^{2})k(t, w))dt-\sigma k(t, w)dB(t, w)$ .
1 $7\mathrm{B}$
31(Chang-Mallimls ). SDE (3.2) Lipschitz .
, “ (3.2) ” Chang-Malliaris [1]
. , 9. $\theta$
, Feller, It\^o-McKean [2]
,
a regular bomdary, an exit boundary, an entrance boundary, an infinite natural
boundary, a finite natural $\mathrm{b}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{y}_{1}$
5 $10$ .
SDE (3.2) $k>0$ Lipschitz , 0
the pathwise unique solution $\{k(t, w)\}$ . , 0 $\{k(t, w)\}$
an infinite natural boundary .
32. $f$ $(2.12\mathrm{a})+(2.12\mathrm{b})$ , 0 $\{k(t, w)\}$ an
infinite natural boundary , $\langle\rangle$




$M>0$ , $k_{0}$ , $(2.12\mathrm{a})+(2.12\mathrm{b})$ ,
$f(\xi)>M\xi$ for $0<\xi<k_{0}$
, (3.4)
$\varphi(y)>(\frac{y}{k_{0}})^{\beta}\cdot(\frac{k_{0}}{y})^{2sM/\sigma^{2}}arrow\infty$ as $yarrow 0$ .
. $M$ , $\varphi$ $k=0$ $\langle$ , $\lim_{karrow 0}|S(k)|=\infty$
. , A1 , .
3.3. $f$ $(2.12\mathrm{a})+(2.12\mathrm{b})$ , SDE (3.2) the pathwise
unique solution $\{k(t, w)\}$ . $\theta$
32




$\mathrm{T}.l\mathrm{f}$ , $\mathrm{A}.1\vee\tau^{\backslash }.\not\in\overline{/}\backslash \wedge\cdot \text{ }\backslash \mathscr{C}_{u}\mathrm{a}\mathrm{e}\neq_{\iota\backslash }\mathrm{i}$ , .
10 $\mathrm{A}1$ .
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. , (A 3) $\mu(k)dk$ per-capita capital stock
{k( $w$ )} an invarinat probability measure . $\theta$
, {3.5) 11. , , (3.5)
$\{k(t, w)\}$ .
3.4. $f$ $(2.12\mathrm{a})+(2.12\mathrm{b})$ . (3.3) $\beta$
(3.6) $\varphi(y)\simeq y^{\beta}$ $\mathrm{f}\dot{\mathrm{o}}\mathrm{r}$ large $y$ . $\langle\gamma$
Inada (2.12b) $\lim_{karrow\infty}f’(k)=0$ ,
$sf(k)-(\lambda+n-\sigma^{\mathit{2}})k\simeq-(\lambda+n-\sigma^{2})k$ for large $k$
. , .
, Merton (3.6) $(2.12\mathrm{a})+(2.12\mathrm{b})$ , 0
$\infty$ A1 :
(3.7) $k=0$ an infinite natural
$\lambda+n-\sigma^{2}/2$ $<0$ $\geq 0$
$k=\infty$ a finite natural an iffinite natural
A2 , Merton
:
$3.\mathrm{S}$ . $f$ $(2.12\mathrm{a})+(2.12\mathrm{b})$ . $\mathfrak{s}_{\vee}$ .
, $0<\lambda<1,$ $n>1,$ $\sigma>012$ per-capita capital stock
$\{k(t, w)\}$ .
(i) $\lambda+n-\sigma^{2}/2<0$ , 1 $\lim_{tarrow\infty}k(t, w)=\infty$.
(ii) $\lambda+n-\sigma^{2}/2\geq 0$ , $\{k(t, w)\}$ $(0, \infty)$ recurrent , (A 3)
an invariant measure $\mu(k)dk$ (A 5) , ,
$\mu(k)dk$ . $\theta$
36. $\{L(t, w)\}$ :






$\mathrm{t}1(3.5)$ , an invariant measure , (3.10).
12 (2.4) , SDE (3.1) , .
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(ii) $n=\sigma^{\mathit{2}}/2$ , $\{L(t, w)\}$ $(0, \infty)$ recurrent ,
$\lim_{tarrow}\sup_{\infty}L(t, w)=\infty$, $\lim\inf L(t, w)=0\iotaarrow\infty$ $a.s.$ . $\theta$







Random Solow Equation (3.2) , deterministic case
$d(\log k(T,w))$
per-capita capital stock . Ito
(3.8) $\frac{\log k(T,w)-1\mathrm{o}_{\mathrm{t}}^{\sigma}k(0)}{T},=\frac{s}{T}\int_{0}^{T}\frac{f\langle k(t,w))}{k(t,w)}dt-(\lambda+n-\frac{\sigma^{\mathit{2}}}{2})-\frac{\sigma}{T}B(T, w)$
, .
,
37. $f$ (2.12a) Inada (2.12b) .. Per-capita $\mathrm{c}\mathrm{a}\mathrm{p}_{1^{l}}\mathrm{t}\mathrm{a}1$ stock $k(t,w)$ ,. Per-capita capital stock 13
(3.9) $\rho(t$ , $\equiv\frac{\log k(t,w)-\log k(0)}{t}$ ,
. $L(f, w)$ ,
$tarrow\infty$ :
$\lambda$ $n-\sigma^{2}/2$ $<0$ $=0$ $>0$
$n-\sigma^{2}/2$ $<0$ $=0$ $>0$
(3.10)
$\ovalbox{\tt\small REJECT}_{0a}\rho(t_{\dagger}w)r_{1}a.sL(t,w)k(t,w)\infty a.s..\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{u}.\mathrm{r}_{S}\mathrm{r}.\mathrm{e}\mathrm{n}\mathrm{t}^{1}$.0 $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{r}.\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}^{\mathrm{b}}a.s\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\#$
$\infty$ $a.s$ .
$\lambda+ \sig




” , $\{k(t, w)\}$ $(0, \infty)$ recurrent (A 3) an invariant
measure $\mu(k)dk$ , Cezaro
$\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}k(t, w)dt=\infty$ $a.s$ .
. “ $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}^{\beta}$ ” an invariant measure $\mu(k)dk$ .
$r_{1}$ ,
$r_{1} \equiv-(\lambda+n-\frac{\sigma^{2}}{2})>0$,
. “ recurrent ” , $\{L(t, w)\}$ $(0, \infty)$ recurrent , invariant
measure $\exp\{x\}dx$ . $\theta$
$k(t, w)$ $L(t, w)$ , 3.5 36 , , $\rho(t, w)$
.
$\lambda+n-\sigma^{2}/2>0$ , an invariant measure $\mu(k)dk$
. ,
$\lim_{Tarrow\infty}\frac{1}{T}B(T, w)=0$ $a.s$ .
. $(3.8)_{2}(3.9)$ , Ergodic Theorem (A 5)
$\lim_{Tarrow\infty}\rho(T, w)=s\int_{0}^{\infty}\frac{f(y)}{y}\mu(y)dy-(\lambda+n-\frac{\sigma^{2}}{2})$ $a.s$ .
. 1 . (3.3) $\beta$ (A.3)+(A.4)
$s \int_{0}^{\infty}\frac{f(y)}{y}\mu(y)dy=s\int_{0}^{\infty}dy\frac{f(y)}{y}\frac{c}{\sigma^{\mathit{2}}y^{\mathit{2}+\beta}}\exp\{-\frac{2s}{\sigma^{2}}\int_{y}^{k_{\cap}}\frac{f(\xi)}{\xi^{2}}d\xi\}$
$= \frac{sC\sigma^{2}}{2s}\int_{0}^{\infty}dy\frac{1}{\sigma^{2}y^{1+\beta}}(\frac{2s}{\sigma^{\mathit{2}}}\frac{f(y)}{y^{2}}\exp\{-\frac{2s}{\sigma^{2}}\int_{y}^{k_{0}}\frac{f(\xi)}{\xi^{2}}d\xi\})$
$= \frac{c}{2}$ . $\frac{1}{y^{1+\beta}}\exp\{\frac{2s}{\sigma^{2}}l^{k_{0}}\frac{f(\xi)}{\xi^{2}}d\xi\}|$
$+ \frac{\sigma^{2}C}{2}(1+\beta)\int_{0}^{\rho\infty}dy\frac{1}{\sigma^{\mathit{2}}y^{2+\beta}}\exp\{\frac{2s}{\sigma^{2}}\int_{y}^{k_{0}}\frac{f(\xi)}{\xi^{2}}d\xi\}$
$= \frac{\sigma^{2}C}{2}(1+\beta)\frac{1}{c}=\lambda+n-\frac{\sigma^{2}}{2}$ .
$\lim_{Tarrow\infty}\rho(T, w)=0$ , recurrentb ,
, $\lambda+n-\sigma^{2}/2=0$ , an invariant measure $\int_{0}^{\infty}\mu(y)dy=\infty$ } $\text{ }$
$f(y)/y$ $\mu(y)dy$ . $M>0$
$T \geq\int_{0}^{T}I_{(0,M)}(k(t,w))d\mathrm{t}$
, Ergodic Theorem (A 5)
$0 \leq\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}\frac{f(k(t,w))}{k^{\wedge}(t,w)}dt\leq\lim_{Tarrow\infty}\frac{\int_{0}^{T}\frac{f(k(t,w))}{k(t,w)}df}{\int_{0}^{T}I_{(0,M)}(k(t,w)dt}=\frac{\int_{0}^{\infty}\frac{f(y)}{y}\mu(y)dy}{\int_{0}^{M}\mu(y)dy}$ $a.s$ .
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. $Marrow\infty$ , $\int_{0}^{\infty}\mu(y)dy$
$T arrow\infty \mathrm{i}\mathrm{m}\frac{1}{T}\int_{0}^{T}\frac{f(k(t,w))}{k(\mathrm{f}_{1}w)}dt=0$ $a.s$ .




, $F(K, L)$ , Inada $(2.8\mathrm{a})+(2.8\mathrm{b})$ . ,
0 Inada (2.8a) , Kamihigashi[4].
, $f(k)$ ( $2.12\mathrm{b}$ , 1 ) , (2.8a) .
,
$F(K+1, L)-F(K, L)=L(F( \frac{K+1}{L},1)-F(\frac{K}{L}, 1))=L(f(\frac{K+1}{L})-f(\frac{K}{L}))$
$=Lf’(y) \frac{1}{L}=f’\langle y)$ , $y \in(\frac{K}{L}, \frac{K+1}{L})$




Kamihigashi $f(k)$ , :
41(Kamihigashi [4]). $f$ : $\mathrm{R}_{+}arrow \mathrm{R}_{+}$ C2c , .
$f(0)=0$ strictly concave,
(4.1)
(Kawahigashi ) $0< \exists\lim_{karrow 0}f’(k)\equiv\eta<\infty$ , $\lim_{karrow\infty}f’(k)=0$ . $\theta$
42. Kamihigashi (4.1) , SDE (3.2) $[0, \infty)$ Lipschitz
, , Inada (2.12b) , pathwise unique
. $\langle y$
, 0 Inada ( $2.12\mathrm{b}$ , 1 ) Kawahigashi (4.1)
, $\mathrm{p}\mathrm{e}1^{\vee}$-capita capitai stock $\{k(t, w)\}$ $tarrow\infty$ .
$f(\xi)\simeq\eta\xi$ for small $\xi$
,
(4.2) $\varphi(y)\simeq y^{\beta}\exp\{-\frac{2s}{\sigma^{2}}\log y\}=y^{2(\lambda+n-\sigma^{2}-s\eta)/\sigma^{2}}$ for small $y$ .














4.3. $f$ Kamihigashi (4.1) .. Per-capita capital stock $k(t,w)$ ,. Per-capita capital stock
$\rho(t, w)\equiv\frac{\log k(t,w)-\log k(0)}{t}$ ,
$tarrow\infty$ : $\lambda+n-\sigma^{2}/2\equiv\theta$ .
$\theta$ $\theta<0$ $\theta=0$ $0<\theta<s$ $\eta$ $\theta=s$ $\eta$ $\theta>s$ $\eta$
$k(t, w)$ $\infty$ $a.s$ . recurrent\dagger $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\#$ recurrent\ddagger 0 $a.s$ .
$\rho(t, w)$ $r_{1}$ $a$ . $s$ . 0 $a$ . $s$ . $r_{3}$ $a.s$ .
“recurrent\dagger ’’ “ recurrent\ddagger ” $\{k(t, w)\}$ $(0, \infty)$ recurrent
(A 3) an invariant measure $\mu(k)dk$ , C\’ezaro
$\lim_{Tarrow\varpi}\frac{1}{T}\int_{0}^{T}k(t, w)dl=\{$
oo $a.s$ . recurrent\dagger
0 $a.s$ . recurrent\ddagger
. “ $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\#$ ” an invariant measure $\mu(k)dk$ .
$r_{1},$ $r_{3}$ ,
$r_{1}\equiv-$ ( $\lambda$ $n- \frac{\sigma^{2}}{2}$ ) $>0$ , $r_{3} \equiv s\eta-(\lambda+n-\frac{\sigma^{2}}{2})<0$ ,
. $\theta$
4.4. (i) $\{L(t, w)\}$ $f$ . , 3.7
(4.5) $L(t.w)arrow\{$
0 $a.s$ . $n-\sigma^{2}/2<0$
recurrent $n-\sigma^{2}/2=0$
oo $a.s$ . $n-\sigma^{2}/2>0$
.
(ii) Inada 37 , (4.4) , per-capita capital stock
$k(t, w)$ 1 0 ( $\theta>s\eta$ ) . $s\eta,$ $\lambda$
, $L(t, w)$ (4.5, )
. $\theta$
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43 $k(t, w)$ (4.3) A2 . $\rho(t, w)$
.
$\theta=s\eta$ . 4.1
$\varphi(y)\simeq y^{-1}$ for small $y$ , $\varphi(y)\simeq y^{-1+\langle 2s\eta)/\sigma^{2}}$ for large $y$
, (4.3) A2 , $\{k(t, w)\}$ recurrent , an invariant measure $\mu(k)dk$




41 $0\leq f(k)/k\leq\eta$ ,
(4‘6) $0 \leq\lim_{Tarrow}\sup_{\infty}\frac{1}{T}\int_{0}^{T}\frac{f(k(t,w))}{k(t,w)}dt\leq\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}\eta dt=\eta$.
, $0<\overline{\eta}<\eta$ $\tilde{\eta}$ . $f$ 41 ,
$f(k)=\overline{\eta}k$ , $k>0$






0 $0\leq 0\leq k<k\#$
$\overline{\eta}k-f(k)$ $k\#\leq k$
, $g(k)/k$ $\mu(k)dk$ ,
183
$\epsilon>0$ $\int_{\epsilon}^{\infty}\mu(k)dk<\infty$ , Ergodic Theorem (A 5)
$0 \leq\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}.\frac{g(k(l_{)}w))}{k(t,w)}dt\leq\lim_{Tarrow\infty}\frac{\int_{0}^{T}\frac{g(k(t,w))}{k(t,w)}dt}{\int_{0}^{T}I_{(\epsilon,\infty)}(k(t,w)dt}=\frac{\int_{0}^{\infty}\frac{g(y)}{y}\mu(y)dy}{\int_{\epsilon}^{\infty}\mu(y)dy}$ $a.s$ .






$= \lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}\frac{\tilde{f}(k(t,w))-h(k(t,w))}{k(t,w)}dt+\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}\frac{h(k(t,w))}{k(t,w)}dt=\tilde{\eta}$ $a.s$ .
.
, $\overline{f}$ $\tilde{f}\leq f$ ,
(4.7) $\tilde{\eta}=\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}\frac{\overline{f}(k(t,w))}{k(t,w)}dt\leq\lim_{Tarrow}\inf_{\infty}.\frac{1}{T}\int_{0}^{T}\frac{f(k(t,w))}{k_{r}(t,w)}dt$ $a.s.$ .
$\overline{\eta}$ , $\tilde{\eta}\uparrow\eta$ , (4.7) (4.6) ,
$\lim_{Tarrow\infty}\frac{1}{T}\int_{0}^{T}\frac{f(k(t,w))}{k(t,w)}dt=\eta$ $a.s$ .
, 37 , $\theta=s\eta$ , $\rho(t, w)arrow \mathrm{O}a.s$ .
.
$\theta$ , 37 ,
A
A.l 1
$(0, \infty)$ $\{k(t, w)\}$ 0, $\infty$ , canonical scale
function $S(k)$ speed measure $m(k)$ , It\^o-McKean [2].
I. $k_{0}\in(0, \infty)$ ,
(A. 1) $\varphi(y)\equiv\exp\{-2\int_{k_{v}}^{y}\frac{sf(\xi)-(\lambda+n-\sigma^{2})\xi}{\sigma^{2}\xi^{2}}d\xi\}$, $y\in(0, \infty)$
184
. $\varphi$
(scale function) $S(k) \equiv\int_{k_{\Omega}}^{k}\varphi(y)dy$ , $k\in(0, \infty)$
$(\mathrm{A}2)$
(speed measure ) $m(k) \equiv\frac{1}{\sigma^{2}k^{2}\cdot\varphi(k)}$ , $k\in(0, \infty)$ ,
. Feller Ito-Mckean , $S$ $m$ $\{k(t, w)\}$
, .
$A(k) \equiv\int_{k_{0}}^{k}dy\varphi(y)\int_{k_{0}}^{y}d\xi m(\xi)$, $B(k) \equiv\int_{k_{\cup}}^{k}dym(y)\int_{k_{0}}^{y}d\xi\varphi(\xi)$
,
$\lim_{karrow 0}A(k)\equiv A\mathit{0}$ , $\lim_{karrow 0}B(k)\equiv B\mathit{0}$ ,
$\lim_{karrow\infty}A(k)\equiv A_{\infty}$ , $\lim_{karrow\varpi}B(k)\equiv B_{\varpi}$





























( $\infty$ , $A_{0},$ $B_{0},$ $S(0)$ $A_{\infty},$ $B_{\infty},$ $S(\infty)$ )
$\mathrm{I}\mathrm{I}$ . an entrance boundary, a finite natural, an infini e natrual ,
$\{k(t, w)\}$ 0 . , aregular boundary, an exit
, 0 .
, an exit boundary, afinite natural, an infinite natural ,
$\{k(t, w)\}$ 0 . , an entarance boundary




I. 0 $\infty$ infimite natural boundaries , $\{k(t, w)\}$ $(0, \infty)$ recurrent
(A .3) $\mu(k)\equiv\frac{m(k)}{c}=\frac{1}{c}\cdot\frac{1}{\sigma^{\mathit{2}}k^{2}\varphi(k)}$
an invaiant measure , $C$
(A.4) $C\equiv\{$




, Ergodic Theorem :
Ergodic Theorem (Maruyama-Tanaka [5]) $\mu(y)$ dyy $g,$ $h$
(A.5) $\lim_{Tarrow\infty}\frac{\int_{0}^{T}g(k(u,w))du}{\int_{0}^{T}h(k’(u_{J}w))du}=\frac{\int_{0}^{\infty}g(y)\mu(y)dy}{\int_{0}^{\infty}h(y)\mu(y)dy}$ $a.s.$ .
, 0 , $\theta$
IL afinite naturml boundary, an infinite natural ,
(i) $\{k(t, w)\}$ 0 ,
(ii)
$\lim_{tarrow\infty}k(t, w)=\{$
0 $a.s$ . if 0 is a finite natural boundary
and $\infty$ is an infinite natural
$\infty$ $a.s$ . if 0 is an infinite natural boundary
and $\infty$ is afinite natural.
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